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Abstract
We investigate the spectral flows of the hermitian Wilson-Dirac operator in the
fundamental and adjoint representations on two ensembles of pure SU(2) gauge
field configurations at the same physical volume. We find several background gauge
field configurations where the index of the hermitian Wilson-Dirac operator in the
adjoint representation is not four times the index in the fundamental representation.
This could imply a topological basis for the gluino condensate in supersymmetric
Yang-Mills theories.
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The index of the massless Dirac operator in the adjoint representation of the
SU(N) gauge group in a background field of topological charge Q is equal to
2NQ [1]. Classical instantons carry an integer topological charge and there-
fore can only cause a condensation of an operator that contains 2N Majorana
fermions. But it has been argued on very general grounds that there is a bi-
linear gluino condensate in supersymmetric Yang-Mills theories [2]. Self-dual
twisted gauge field configurations with a fractional topological charge of 1
N
[3]
can be used to explain a bilinear gluonic condensate [4]. A non-perturbative
computation of the gluonic condensate on the lattice would typically be done
with conventional periodic boundary conditions for both the gauge fields and
fermions in order to achieve a supersymmetric theory in the continuum limit.
In this situation it is not clear as to what causes the bilinear gluonic conden-
sate. In addition, a condensation is expected in a finite physical volume where
the spectrum is discrete.
The overlap formalism for chiral fermions [5] provides a definition of the index
of the chiral Dirac operator on the lattice. In this paper we use this definition
to measure the index of the chiral Dirac operator in the adjoint representation
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in an ensemble of pure SU(2) gauge field backgrounds. 1 Since the fermion is
in the real representation of the gauge group, the spectrum of the hermitian
Wilson Dirac operator occurring in the overlap formalism is doubly degener-
ate. Therefore, the index of the associated chiral Dirac operator defined by
the overlap formalism can only be even valued. This is to be expected. Other-
wise, we would have to explain away unphysical expectation values of an odd
number of fermionic observables in an otherwise well defined theory. However,
it is possible to obtain any even value for the index. The issue one has to ad-
dress is if all possible even values are realized for the index in an ensemble of
SU(2) gauge field backgrounds or if only multiples of four are observed. If only
multiples of four are observed then one would conclude that the gauge field
background behaves as if it were made up of classical instantons with small
fluctuations, and we would not be able to explain the bilinear condensate by
topological means. On the other hand, if we observe any even value for the
index that are not just multiples of four, the background gauge fields cannot
be thought of as being made up of classical instantons and we would be able
to explain the bilinear condensate through topological means.
In this paper we consider two ensembles of SU(2) background gauge fields
generated using the standard Wilson action with periodic boundary conditions
on the gauge fields. One is at a lattice coupling of β = 2.4 on an 84 lattice and
the other is at a lattice coupling of β = 2.6 on a 164 lattice. The couplings
were chosen so that both lattices had the same physical volume (a = 0.12fm
at β = 2.4 and a = 0.06fm at β = 2.6) and is in the confined phase (βc =
2.5115 at Nτ = 8 and βc = 2.74 at Nτ = 16) [7]. Each ensemble contains
a total of fifty configurations. We have doubled this number by including
the parity transformed partner of every configuration since this symmetrizes
the distribution of the index. Using the overlap definition of the index, we
compute the index of the chiral Dirac operator in the fundamental and adjoint
representations. We refer to these quantities as If and Ia, respectively. We do
not present any details about the definition of the index using the overlap
formalism and the technical details involved in the numerical computation of
the index. The definition of the index in the overlap formalism can be found
in Ref. [5]. We keep track of levels crossing zero to measure the index which
involves a computation of the low lying modes of the hermitian Wilson-Dirac
operator [8]. The results from the measurements of If and Ia are tabulated in
Tables 1 and 2 for the two ensembles. Each column is associated with a fixed
value of If and each row is associated with a fixed value of Ia. We find that
Ia comes only in multiples of two as explained in the previous paragraph. The
numbers in the second row are the number of configurations with a fixed If .
The numbers in the second column are the number of configurations with a
fixed Ia. All other entries in the table tell us the number of configurations with
1 The relationship between the gluino condensate and gauge field topology in the
overlap formalism was addressed in Ref. [6].
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a fixed value of If and Ia. The numbers in bold are the configurations where
Ia = 4If . Clearly, there are several configurations in both ensembles that do
not satisfy the relation Ia = 4If , and we find several configurations where Ia is
not a multiple of four. The occurrence of a significant number of configurations
with values of Ia that are not multiples of four is taken as evidence for the
existence of gauge field configurations with fractional topological charge in
our ensemble since Q = Ia
4
is the continuum relation between the topological
charge and the index of the Dirac operator in the adjoint representation.
Having provided some evidence for the existence of fractional topological
charge on the lattice at finite lattice spacing, we now address the question
of whether these are pure lattice artifacts. For this purpose, we define the
quantity ∆ = Ia − 4If for each configuration in both ensembles. Note that
∆ takes on only even values. The probability of finding a certain value of ∆,
p(∆), is plotted for the two ensembles in Fig. 1. We find that p(∆) for |∆| > 2
decreases as one goes toward the continuum limit at a fixed physical volume.
However, p(±2) does not decrease indicating that it might remain finite in the
continuum limit.
In this paper we have presented some preliminary evidence for fractional topo-
logical charge on the lattice. By studying two ensembles with different lattice
spacings we have argued that there is a reasonable indication that this is
not a lattice artifact. If this result survives the continuum limit it provides a
topological basis for the gluino condensate in supersymmetric gauge theories.
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If -2 -1 0 1 2
Ia # 10 20 40 20 10
-6 2 1 1
-4 10 4 4 2
-2 23 2 11 7 2 1
0 30 2 2 22 2 2
2 23 1 2 7 11 2
4 10 2 4 4
6 2 1 1
Table 1
Results from the measurement of the index of the chiral Dirac operator in the
fundamental and adjoint representations at β = 2.4 on an 84 lattice.
If -4 -3 -2 -1 0 1 2 3 4
Ia # 1 2 5 24 36 24 5 2 1
-12 1 1
-10 1 1
-8 1 1
-6 6 1 3 2
-4 12 10 2
-2 16 8 7 1
0 26 1 3 18 3 1
2 16 1 7 8
4 12 2 10
6 6 2 3 1
8 1 1
10 1 1
12 1 1
Table 2
Results from the measurement of the index of the chiral Dirac operator in the
fundamental and adjoint representations at β = 2.6 on a 164 lattice.
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Fig. 1. p(∆) versus ∆ for the two ensembles where ∆ = Ia − 4If .
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